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EXISTENCE AND POSITIVITY PROPERTIES OF SOLITARY 
WAVES FOR A MULTICOMPONENT LONG WAVE SHORT WAVE 

INTERACTION SYSTEM 

SANTOSH BHATTARAI 


Abstract. We study the existence of solitary-wave solutions and some of their prop¬ 
erties for a general multicomponent long-wave-short-wave interaction system. The 
system considered here describes the nonlinear interaction of multiple short waves 
with a long-wave, and is of interest in plasma physics, nonlinear optics, and fluid 
dynamics. 


1. Introduction 

The long wave-short wave interaction (LSI) is an important problem in a variety of 
physical systems. The LSI model has been successfully applied to many different 
contexts of modern physics and fluid dynamics, such as studying the solitons resulting 
from the interactions between long ion-sound waves (ion-acoustic waves) and short 
Langmuir waves (plasma waves, plasmons) in a magnetized plasma [T8l f3Tj . or Alfven- 
magneto-acoustic waves interactions in a cold plasma [28]. Kawahara et al. [T9] have 
investigated the nonlinear interaction between short and long capillary-gravity waves 
on a liquid layer of uniform depth. For a general theory for deriving nonlinear PDEs 
which permit both long and short wave solutions and interact each other nonlinearly, 
the reader may consult 0. 

In recent years there has been renewed interest in the study of nonlinear waves in 
multi-component LSI system. The multi-component LSI systems arise in water waves 
theory [15], optics [23], ferromagnetism theory [25] . acoustics [25], in a bulk elastic 
medium [IB] , to name a few. In this paper we consider a general multi-component LSI 
system describing the interaction of multiple NLS-type short waves with a KdV-type 
long wave in one dimension. The nonlinear interaction between N complex short-wave 
field envelopes, Uj,j = 1,2,..., A, and the real long-wave field, v, can be modeled by 
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the (N + l)-component long-wave-short-wave system 
id t ui + d 2 u\ = —aiUiv, 


id t u N + d%u N = -a N u N v, 

k d t v + d x {^d 2 x v + Q(v)) = -d x (/di|wi | 2 + ... + (3 N \u N \ 2 ) , 

where x and t are spatial and temporal variables, respectively, Q = Q(v) is a nonlinear 
polynomial, and the parameters oy, /3j , 7 are real constants. The motivation for study¬ 
ing systems of the form ( 11 , 11 ) also come from a pioneer work of Kanna et ah [17], who 
set 7 = 0, otj — a — /3j, and Q = 0 in ( 11 . 11 ) and proved that (II. ip can be derived from a 
system of multi-component coupled nonlinear Schrodinger type equations. They have 
also shown that the system is integrable via Painlcve test. In [22], the system (11.11) 
with 7 = 0, ctj — a — /3j, Q = 0, and N — 2 has been shown to be integrable by the 
inverse scattering transform method and the soliton solutions have been obtained. In 
the same case, the rogue waves of ( 11 . 11 ) have been reported in [IT]. We also mention 
the paper [12] where general bright-dark multi-soliton solution has been constructed 
for a general multicomponent LSI system. 

The mathematical study of systems of the form (11.11) with N — 1 and Q(v) = v 2 , namely 
well-posedness results (unique existence, persistence, and continuous dependence on 
initial data) on the associated Cauchy problem or existence and qualitative properties 
of solutions, has been studied extensively over the years by many authors using both 
numerical and theoretical techniques (see for example, gl El El El ED] and references 
therein). Despite some progress has been made so far using numerical and algorithms 
methods, many difficult questions remain open and little is known about theoretical 
results concerning existence and properties of solutions for (N + l)-systems (11.11) for 
N > 2. This project aims to cast a light on (N + l)-component long-wave-short-wave 
interaction system. Included in the study are existence results and several properties 
of travelling solitary waves for ( 11 . 11 ) in the case when (3j = ctj /2 and Q(v) = tv + /3v 2 
with r G I and /3 > 0. 

By the travelling-wave solutions of (II.ip we mean the solutions of the form 

T = { ( e lujt (f)i(x — ct ),..., e lut (j) n{x — ct),^(x — ct )) : c, oj G K} . (1.2) 

Usually a nontrivial (i.e., not identically zero) travelling-wave solution which vanishes 
at ±00 (say, cpj and T are in i/ 1 (M), the usual Sobolev space) is referred to as a solitary 
wave. In the case when c = 0 (zero travelling velocity), these solutions (11.21) are time 
independent which usually are referred to as standing-wave solutions or stationary- 
state solutions. Let (u\,. .. ,un,v) be a solution of the form (ll.2|) . Put <f>j(x) = 
e ,ra / 2 $j(i ),j = 1 and substitute Uj and v into (II.ip . integrate the second 

equation once, and evaluate the constant of integration by using the fact that and 
T are H 1 functions. Then, one sees that (<3>i,..., 'Ljv, T) must satisfy the following 
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system of ordinary differential equations 

' <f>" - <7$i = -01$!^, 


< - Cr$ N = -OiN^N^, (f- 3 ) 

7 ^" - c T ^ = \ (cq4 > 2 + ... + a N $ 2 N ) , 

ZZ 

where c T — c — r, a = u> — c 2 /4, and primes denote derivatives with respect to the 
variable £. This equation will be considered the defining equation for solitary waves. 

Our analysis begins with a study of the existence of solutions of the system (11.31) . We 
prove the existence of nontrivial solutions of (II.3ft with each component in H°° and 
exponential decay at infinity under the following assumptions 

c > 0, cr > 0, —oo < t < c, /3 >0, 7 > 0, otj > 0 (1.4) 

(see Theorem 12.11 below for the precise statement of the result). The existence result 
is proved by studying a minimization problem whose minimizers, up to a constant, 
corresponds to solitary waves for (11.11) . More precisely, let K be the functional defined 
for e (H 1 ) N+1 by 

/ OO 

(fi, ■ ■ ■, In, g)D(L ii )(f 1 ,..., f N , g) T dx, (1.5) 

-OO 

where D(Lu) is the diagonal matrix with diagonal entries L tl = a—d xx for % — 1,..., N, 
and La = c T — for i — N + 1, and introduce the notation 

■ ■ ■ > /au g) = ^Pg 3 + (aif 2 + Oizf 2 + ... + cunIn) 9- 

For A > 0, we shall show that the variational problem (PI) of minimizing the functional 
K (fi ,..., fw,g) subject to the constraint 

/ OO 

F(fu...,f N ,g)(x) dx = A 

-oo 

always has a non-empty solution set provided that (11.4ft holds. The key idea in estab¬ 
lishing the existence of minimizers here is to apply Lions’ concentration compactness 
lemma (Lemma 12.5)1 to a minimizing sequence of the problem (PI) and extract a sub¬ 
sequence which is tight. The method of concentration compactness then implies that 
this subsequence, when its terms are suitably translated, converges strongly in ( H 1 ) N+1 
to a limit which achieves the minimum of the problem (PI). Let (0 1 , ...,0^,-0) be this 
limit. Then, by the Lagrange multiplier principle, this limit function (</>!,..., V’), 

after multiplying by a constant, corresponds to a solution of ( 11 . 3ft . at least in the dis¬ 
tributional sense. Such solutions are called weak ground state solutions. But since 
the right sides of all N + 1 equations in the system (11.31) are continuous functions, a 
standard bootstrapping argument shows that weak ground state solutions are indeed 
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classical solutions (see Proposition 12.131 below). In Section 2, we provide the details of 
the method. 


In Section 3, we combine the variational formulation of solutions of (II.3ft with the theory 
of symmetric decreasing rearrangements to prove the existence of solutions ( < h ? . T) such 
that <3>j and T are even and decreasing positive functions in (0, oo) (see Theorems 13.11 
and 13.51 below). Similar techniques have been used previously by Albert et al [3] to 
study solitary-wave solutions of some model equations for waves in stratified fluids, and 
by Angulo and Montenegro [4] to prove the existence and evenness of solitary waves for 
an interaction equation in two-layer fluid. The paper closes by showing in Theorem 13.61 
the existence of a solitary wave for (II. ip with positive Fourier transforms. We state 
these results in the context of the existence theory for solitary waves introduced by 
Weinstein in [29] and will be proved by adapting an argument developed by Albert in 

&■ 

Notation. For ( x , a) G R x (0, oo), we denote by B(x, a) the ball centered at x and of 
radius a. In particular, we denote B a = B( 0, a). The Fourier transform / of a tempered 
distribution f(x) on R is defined as /(£) = ( 27 t ) -1 / 2 f(x)e^ x dx. If 1 < r < oo, we 
shall denote by L r = L r (R) the usual Banach space of Lebesgue measurable functions 
/ on R for which the norm |/|z/- is finite, where 


i/r dx 


l/r 


for 1 < r < oo. 


The space L°° consists of the measurable, essentially bounded functions on R with the 
norm |/|l°° = esssup,^ \f(x)\. The (Lebesgue) convolution of two functions / and g, 
denoted by / -kg, is the integral 

/»oo 

f*g(x) = f(x)*g(x)= f(x - £)g(£) d£. 


For s > 0, we denote by H s = H S (R) the Sobolev space of all tempered distributions 
/ on R whose Fourier transforms / are measurable functions on R satisfying 


= / (1 + |£| 2 +... + KP) |/K)|V? < oo. 

In particular, we use ||/|| to denote the L 2 or H° norm of a function /. We define the 
space y to be the cartesian product H 1 x ... x H 1 (N + 1-times) provided with the 
product norm || • ||y. For notational convenience, we denote 

(u j,v) = (ui, ...,u N ,v), 

(u j, n ,v n ) = (ui, n , ...,u Nj n,v n ), and ($ ? -,'P) = ($ 1 ,..., $ N , T). 

In place of the compound subscripts, for example, when we take a subsequence of 
a sequence, we will follow the convention of using the same symbol to denote the 
subsequence. The letter C will be used to denote various positive constants which may 
assume different values from line to line but are not essential to the analysis of the 
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problem. The letter C(...) will denote the constant whose value depends essentially 
only on the quantities indicated in the parentheses. 


2. Existence of Solitary Waves 

The main result of this section is the existence of global minimizers for the variational 
problem (PI): 

Theorem 2.1. Suppose that the assumptions (11.41) hold for the constants c, a, f3, r, 7 , 
and otj. For A > 0, define 

•A= e y : J F(f 1 ,...,f N ,g)(x)dx = Aj . 

Then there exists a minimizing function for the problem (PI) in A. Consequently, the 
system (ll.3|) has a solution ($ 1 ,..., T) such that $!,..., <3>jv, vp are in and 

decay exponentially at infinity. 


In particular, Theorem 12.11 guarantees that the minimizing set 5(A), namely 
5(A) = {($„ T) G A : K(<fv T) = inf K(f j; g), (f,-, g) G A} , 


is non-empty. As will be seen below, this translates into an existence result for solitary- 
wave solutions (jl.2|) of ( 11 . 11 ) . 

We begin by proving some properties of the variational problem. The first lemma shows 
that K has a finite and positive inhmum on A. 


Lemma 2.2. For each A > 0, one has 

h = inf (K(/i,..., f N , g) : (f u ..., f N , g) e A} > 0. (2.1) 

Moreover, if A 2 > Ai > 0, then I\ 2 > . 


Proof. Denote A = (/ 1 ,..., /at, g). From the Cauchy-Schwartz inequality and the 
Sobolev embedding theorem we have 

ll/illill/illMlj <C||A||J, (2.2) 

where the constant C is independent of f 3 , 1 < j < N, and g. Now, using (12.21) it 
follows that 



N 


K(A) > min{l,o-}^||/j||? + min{ 7 ,c r }||^||? 

3 = 1 

> min{min{l, cr}, min{ 7 , c r }}||A||y > CX 2//3 > 0, 
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and therefore I\ > 0. To prove h 2 > I\ 1 , let e > 0 be arbitrary. There exists a function 
© = (0i, ...,0^,0) in y such that jff^ F(Q)dx = A 2 and K(0) < I\ 2 + e. For a G M, 
denote 

/ OO 

F(0(x)) dx. 

■OO 

Then Q(aO) is a continuous function of a G M and hence, using the intermediate value 
theorem of elementary analysis, we can find £ e (0,1) such that Q(£0) = Ai- ffence 

hi < K(£0) = £ 2 K(0) < K(0) < I X2 + e. 


Since e > 0 is arbitrary, it follows that hi < J^ 2 , proving the lemma. □ 

By a minimizing sequence for I\ in what follows, we mean to be any sequence {(fy n , g n )} 
of functions in A satisfying the conditions 


lim K(fj n , g n ) = I\ and 

n^-oo 


F{fj,n, 9n){x)dx 


A, Vn. 


(2.3) 


Lemma 2.3. For all A > 0 and m > 1, one has I rn \ < ml\. 


Proof. Let {(f,^,, ,9n)} be any sequence of functions in A satisfying 02.31) . 
A n = (fj.n, g n ) ■ Choose 9 n > 0 such that 


F(9 n A n )(x) dx = mX. 


Denote 


(2.4) 


Since F(A n )dx = A, it follows from 02.4p that 9% = m > 1. Thus 

777 

Imx < K(0 n A n ) = -K(A n ). 

Since m > 1 and there exists e > 0 such that 9 n > 1 + e for sufficiently large n, the 
lemma follows by letting n —> oo in the last inequality. □ 


As an immediate corollary of Lemma 12.31 we obtain the following strict subadditivity 
property of I\ : 


Corollary 2.4. Let I\ be as defined in 02.11) . Then, for all Ai, A 2 > 0, 


I(Xi+X2) ^ hi T hi- 

Proof. Without loss of generality, we may assume that Ai > A 2 . If Ai > A 2 , then from 
what was shown in Lemma 12.31 it follows that 

h\i+x 2 ) = I \i(i+\ 2 \~ 1 ) < i 1 + hK 1 ) hi 

A hi + A 2 A , 1 (AiA 2 1 I \ 2 ) = hi + h 2 > 

whereas in the case Ai = A 2 , we have 

-^(Ai+A2) h\i < '- l\\ hi T l\'2 - 

so the corollary has been proved. □ 
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We now proceed to prove the existence result. The idea is to show that any minimizing 
sequence {(fj- iTl , g n )}neN f° r I\ di A which, np to subsequences and when its terms are 
suitably translated, has the following properties: 

( < fq,'L) = lim A n G A and K(A n ) < liminf K(A n ), (2-5) 

n—>-oo n —^oo 

where A n = (f j, n ,g n ). Once we establish . the minimization problem (PI) is then 
solved since then it follows that 


h < K($j, T) < liminf K(A n ) = I\, 


where the first inequality holds because the limit pair ($,,•, T) belongs to A and the 
second inequality holds because {A n } neN is a minimizing sequence for I\. The key tool 
here is the concentration compactness principle developed by P. L. Lions [2Tj, which 
has been used by many authors (see, for example, El El SI 0 El EH E3 and references 
therein). The method is based on the following lemma: 


Lemma 2.5 (Lions El])- Let {Q n } n > i be a sequence of nonnegative functions in L 1 
satisfying jff^ Q n {x) dx = a for all n and some fixed a > 0. Then there exists a 
subsequence {Qn k } k>1 satisfying exactly one of the following three possibilities: 

(1) (Tightness up to translation) There are y k G R for k = 1,2, . . ., such that 
Qn k (- + Uk) is tight, i.e., for any e > 0, there is R > 0 large enough such that 


Q nk (x ) dx > a — e for all k. 


J B(y k ,R) 

(2) (Vanishing) For any R > 0, 


lim sup 


k—>oo 


yeR J B(y,R) 


Qn k {x) dx = 0. 


(3) (Dichotomy) There exists a G (0, a) such that for any e > 0, there exists k 0 > 1 
and Qi t k, Qi,k £ Lq_(R) such that for k > k 0 , 


IQfifc \Ql,k T Q2,k)\i A ^) 


Qi,k dx - a 


< e, 


Qi,k dx - (a - a) 


< e, 


dist(supp(Qi t k), supp(Q 2 ,k)) —> oo as k —> oo. 


Remark 2.6. In Lemma [231 above, the condition J R Q n (x) dx — a can be replaced by 
Jr Qn( x) dx = a n where a n —> a > 0 &s n —> oo. Indeed, it is enough to replace Q n by 
Qn / cn n and apply the lemma. 
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We now consider a minimizing sequence {(fj- jTl , g n )}ne n for A and apply the Lemma [2751 
Denote A n = (f 'j >n , g n ) and let 

N 

Qn = ( g'n ) 2 + 9n + ^2 + ( fj,nY ) • ( 2 . 6 ) 

3 = 1 

For each n, dehne p n = f™ Q n (x ) dx. As {A n } ng ^ is a minimizing sequence, the se¬ 
quence {/in} ne N °f real numbers is uniformly bounded for sufficiently large n. Without 
loss of generality, suppose that f™ Q n (x) dx —>■ fx whenever n —> oo. By Lemma [231 
above, the sequence {<3„.}neN has a subsequence which satisfies one of the three pos¬ 
sibilities: Tightness up to translation, Vanishing, or Dichotomy. Our task is to show 
that tightness up to translation is the only possibility. To this end, suppose there is a 
subsequence {Q nfe }neN of {Q„.} ng N which satisfies either vanishing or dichotomy. We 
divide the proof into a sequence of lemmas. The first lemma rules out the vanishing 
condition: 


Lemma 2.7. Vanishing does not occur. 

Proof. We prove this lemma in several steps. 

Step 1. Suppose g G C°°(M), and for m G Z, dehne I m — [m— l/2,m+l/2]. Then for 
all m G Z, one has 

sup \g(x)\ < f \g(y)\dx+f \g\y)\dy. (2.7) 

Xdzlm J Im J Im 

To see this, for all z G I m and y G / m , it is obvious that 

g(z) = g(y) + / gf(x) dx. 

dy 

In consequence, one has for all m G Z, 

\g{z )| < \g(y)\ + j \g'{x)\ dx. 

’I Im 

Integrating both sides with respect to y over I m , one obtains that 

\g{z)\ < f \g(y)\dy+ j \g\y)\dy , 

’I Im ^ Im 

from which (12.711 follows. 

Step 2. Suppose A = (/ 1; ..., f n , g) G y and Q = Q n be as defined in (12.6p with A n 
replaced by the constant sequence A = A n . Then there exists C > 0 such that 


\g\ 3 dx < C ( sup 


y eR JB(y, 1/2) 


\ 1/2 

Q(x) dx) IIA||? 




y 


and for all j = 1,..., N, 


\g\\fj\ 2 dx <C [ sup 


\ 1/2 


y GR JB{y, 1/2) 


Q(x) dxj IIA|| 


y- 


( 2 . 8 ) 


(2.9) 
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To prove (12.81) . assume first that g G C^°(M). By Step 1, replacing g by g 2 , we obtain 
that 

(sup \g(y)\] <\\g\y)\\mi rn ) + ‘2 f \g(y)\\g'(y)\ dy 

\y£lm / j Im 

< 2||s(2/)||i2 (Jm) + \W(y)\\h{i m ) < c ' su p [ Q ( x ) dx - 

yeR J B{y,1/2) 

Since J f \g \ 3 dx < ||<?||L^(/ m )IM| 2 2 ( 7 m ), using the above estimate and taking the sum 
over all m G Z, it follows that 


|g| 3 dx < C 


sup 

yEM , 


B(y, 1/2) 


1/2 

Q(x) dx ) || A|| 


&■ 


This proves (12.81) for g G Cg°(M). The result for g G H 1 follows by approximating g 
with a sequence {g n } C such that g n —>• g in H 1 norm. The proof for (12.91) uses 

the same argument. 

Step 3. Suppose now that the vanishing case occurs, which is to say 


lim sup / Qn k (x ) dx = 0. 

n->-°o y gR J B(y,1/2) 

But then using the estimates obtained in Step 2, it follows that 


0 < A = 


F(A nk ) dx 


1/2 

< C\\A nk \\ 2 y ( sup / Q nk (x) dx\ —>• 0, 

.yeR Jb{ v , 1/2) 


as n —> oo, which is a contradiction. 


□ 


The next step in the proof of Theorem 12.11 is to rule out the dichotomy case. This is 
dealt with in the next three lemmas, which represent a simplification and generalization 
of arguments appeared in J2J 21). 


Lemma 2.8. Suppose there is a subsequence {Qn fc }fceN °f {QnjneN such that the di¬ 
chotomy alternative of Lemma \2. 51 holds and denote A nk = (f ),n k ,gn k )- Then there exists 
a real number A = A(e), a natural number n 0 , and two sequences of functions {A[.^} 
and {A^} in Y satisfying A nk = A^ + A^ for all k and for all k > k 0 , 

/ <OO 

FfA' 1 ’) dx- A = 0(e), 

-oo 

/ oo 

F( Af) dx-( A - A) = 0(e), 

-oo 

(ui) K(A„J = K(A«) + K(A«) + 0(e), 

where the constants implied in the notation 0(e) can be chosen independently of n as 
well as e. Furthermore, one has 

K(A^) > fa + 0(e) and K(A[, 2) ) > g- fl + 0(e), 


( 2 . 10 ) 













10 


SANTOSH BHATTARAI 


where the real number p is as defined in Lemma \2 731 

Remark 2.9. The lemma says that the subsequence {A nfc } fceN can be split into two 
summands which carry fixed proportions of the constraint and which are supported far 
apart spatially that the sum of the values of the functional K at each summand does 
not exceed K(A nfc ). 


Proof. If dichotomy case of Lemma 12.51 occurs, then there exists p, G (0, /i) such that 
for any e > 0 there corresponds k 0 > 1 and L 1 functions Qi, k ,Q 2t k A 0 such that for 
all k > ko, 

IQn*. i.Ql,k T Q2,k')\\ A £) 

( 2 . 11 ) 


Qi,k dx p, 


< e, and 


Q 2 ,k dx - (p - p) 


< £. 


( 2 . 12 ) 


Moreover, without loss of generality, we may assume that the supports of the functions 
Q\,k and Q 2)k are separated as follows: 

supp Q 1>k C (y k - Rq, y k + R 0 ), 
supp Q 2 , k C (-oo, y k - 2 R k ) U (y k - 2 R k , oo), 

for some fixed R 0 > 0, a sequence of real numbers {y k }ne n, and R k —> oo. To split A, lfc 
into two summands Aj. 1 ^ and A[ 2 \ k — 1,2, ..., let ( and p G C^°(R) with 0 < (, p < 1 
be such that ( = 1 on B 1 , supp ( C B 2 ; p = 1 on R \ B 2l supp p C R \ B Denote 
the functions 


C k{x) = c 


x - y k 

R 


l 


, Pk{x) = P 


x-y k 

Rk 


where igR, and Ri > Rq chosen sufficiently large that 


P{Ckfj,n k i Ck9n k ) Ql,k dx 


and 


P^Pkf j,n k i Pk9nk) Q 2 , k dx 

—OO 

In the last two inequalities we used the notation 


< £ 


< e. 


(2.13) 

(2.14) 


N 


p^Uj^v) = |(<H'| 2 + \fiv\ 2 + Y (l(<Mi) , l 2 + l<Mjl 2 ) • 

3 = 1 

To see that (12. 13j) and (12.141) are possible, first note that using the first inequality in 
(12.111) and the assumptions (12.121) . we have that 


'\x-yk\<Ro 


Vk\ — ^ A/r 


IQrifc Ql,k\ dx A 
| Qn k ~ Q2,k\ dx < £, 


(2.15) 


' Myk\RoPRk) 


Qn k dx <£. 
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where A(a] r, R) denotes the set {x : r < \x — a\ < R} for any a G R, r > 0, and R > 0. 
The left side of (12.13j) can be written as 


L = 


P(.Ckfj,n k i Ck9n k ) Ql,k dx 


\x-Vk\<2Rl 

Qn k Q l,fc dx 


maxQ(R 1 - 1 C(x)) / Q nk dx, 

x£R iA(2/ fc ;R 0 ,2Ri) 


'\x-y k \<Ro 

where for any a G R and p G Cq°, 0(a; <£>(x)) is given by 


0(a; <^(x)) = |<^(x)| 2 H— \p'(x)\ 2 , x G M. 

a 


Using relations (12.151b we have that L < e + e = 0(e), as e —> 0. Similarly, we write 
the left side of the inequality (12.14)1 as 


L\ = 




P^\Pkfj,n k i Pk9n k ) Q2,k dx 


< 

/ P(Pkfj,n k , Pk9n k ) f?2,fc dx 

+ 

I Qn k Q2,k dx 


J A(y k ;R k ,2R k ) 


d\x-y k \>2R k 


< ma xQ(R k ] p(x)) 

xeR 


Q nfc dx + 


|Qn/(. Q2,fc| dx , 


J A{y k -,R k ,2R k ) J\x—y k \>2R k 

and hence, Li < e + e = 0(e), as e —» 0. Let us now define A k and A® by setting 

Ah = (flits! 1 ’) = (ObWC*S,J = &A„„ 

= (fS.sf) = (Pkij.nu, Pk9n k ) = PiA„„ 


and let Q k = (uj jfc ,n fc ) be such that A nk = A^ + A^ + Q k . Then A^\ A[ 2 \ 0 fc are 
all in 3L Since |F(A[^)| dx is bounded, there exists a subsequence of {A^ 1 ' 1 
which we denote again by the same symbol, and a positive real number A = A(e) such 
that F(A^) dx —> A. Then, for sufficiently large k, 


F{ A< 1} ) dx- A = O(e). 


(2.16) 


. . ... 

To estimate the proportion of the constraint functional carried by A y k , we write the 

integral f^ X) F( A n J dx as 

/‘OO /*oo 

/ F(A")+ F( a< 2 >) + 


' A(yk\Rch2Rk) L 


F(A„J - F(A‘‘>) - F(AH , (2.17) 


Ml 
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where all integrals are with respect to x. The last integral in this equation is estimated 
as follows: 


' A(y k ;Ro,2R k ) 


F(A„J - F(A[‘>) - F(ti£‘) dx < C||e t ||J 


( 1 )> 


Ml , \v 


/12 


< max < 11 — Cfc — Vk loo, T + 


r?2 r?2 

U k ) J A(y k -,R u 2R k ) 

as e —* 0. Thus, from (12.17H . we can conclude that 


dx = 0(e), 


/ F(A„J = / FfA' 11 ) dx + I F( AP) dx + 0(f). 

J —oo J — oo J — oo 

It then follows by taking the limit of both sides as A; —> oo that 

/ OO 

F(A< 2) ) dx = A - A + 0(e). 

-oo 

To prove the assertion that the sum of the values of K at Aj, 1 ^ and A^ does not exceed 
K(A nfc ), we write 

K(A n J = K ■ ■ ■ , /at,*; + /v,fc + Qk^ + + v k^j 

N 

= Ktfg.sk) + Kffjhsf) + +'£ J i + J . 

i=i 

where the integrals J and Jj on the right-hand side are given by 

/ OO 

[(^fc) (C k9n k ) + (Vk “1“ (C k9n k ) ) ( PkQrik ) ] dx 

-oo 

/ oo 

\ykCkQrif c “1“ fob “I - C kQrik)Pk9rik\ dx 

-oo 

and for each j = 1,A/ - , 

/ oo 

[( u j,k ) (C kfj,n k ) + (( u j,k) + (C kfj,n k ) ) ( Pkfj,n k ) ] dx 
-oo 

/ oo 

[ M i,fcCfc/i,n fc + ( u j,k + Ckfj,n k ) Pkfj,n k ] dx. 

-oo 

From the Cauchy-Schwarz inequality, it follows that 

J < C'llGfelly • Ilfi'nJI = 0(e) and J,- < C7||© fc ||y • = 0(e), 

where (7 = C((k,Pk)- Thus, from (j2.18j) . we obtain that 

K(A„J = K(A<‘>) + K(A< 2) ) + 0 (f). 


< 2)1 


( 2 . 18 ) 
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To complete the proof of Lemma [2781 it only remains to establish inequalities in (12.10I) . 
To establish the first inequality, we see that 

CIIA^Ig > K(A‘‘>) = 

poo 

= 0(e) + / Cfc(/i ,n k i ■ ■ ■ j f N,n k i g ni )D(Lii)(f i ,n k j ■ ■ ■ j /v 

i" fc5 <7nJ T dx 


' — OO 

/»oo 


> 0(e) + / C/tQjifc dx — 0(e) + 


' B(y k ,R 0 ) 


Qnu dx + 


' A(y k -,R 0 ,2R k ) 


ClQn k dx 


Qi,k dx + 0(e) > /x + 0(e), 


so the first inequality in (I2.10p has been proved. The second inequality in (I2.10p can 
be proved similarly. □ 

Lemma 2.10. Let Q n be as defined in (12.611 and that the dichotomy case occurs. Then 
there exists 9 e (0, A) such that 

I\ > do + d{x-e)- 

Proof. Let A = A(e) be as defined in Lemma I2TH1 Since F(A^)dx is bounded, 
the range of values of A(e) remains bounded as e —* 0. Thus, by restricting attention to 
a sequence of values of e tending to 0 and extracting an appropriate subsequence from 
this sequence, we may assume that A(e) —» 6 as e —> 0. It is claimed that 6 £ (0, A). To 
see this, first notice that from 

K(A„J = KfA' 1 ') + K(Af) + O(e), 
it follows immediately that 


I\ = liminf K(A nfc ) > lirninf K(A), 1 ) + liminf K(A^ J ) + O(e). (2.19) 

k k k 


4 1} ) + liminf K(Aj, 2) 

k 

Suppose for the sake of contradiction that 9 < 0. Then we have that 

/ OO 

F(A^)(x) dx = \-6 + 0(e) 

-oo 

for sufficiently large n. Let us now define A[ 2 ' 1 = fi k A^\ where (j) k is chosen such that 
F(A^)dx = A - 9. Then = 1 + O(e) and 

1 


K(A« 2) ) = 1k(A« 2 >) > L h _, > 


( 2 . 20 ) 


r k r k (1 + 0(e)) 2 ^ 

where the last inequality is a consequence of Lemma [2.21 From (I2.19p . (I2.20p . and the 
first inequality of (I2.10p . it follows that 

h - cp + (TVoW lh + ° {c) ' 

As e —> 0, the last inequality gives I\ > 0/2 + 1\ > I\, a contradiction. 
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On the other hand, if it were the case that 6 > A, then we would have F( A^) dx = 
6 + 0(e) for sufficiently large n, and a similar argument as in the case 6 < 0 would 
show that (121911 yields 

I\ > C([A ~ ft) + ^ Q( e \\2^ X + 0(e), 

which implies I\ > C(fx — ft) + I\ > I\, another contradiction. This proves the claim 
that 9 G (0, A). 

Finally, as a consequence the above arguments, one also obtains that 


h> 


;Ie + 


(1 + 0(e)) 2 (1 + O(e)) 2 


I\-o + 0(e), 


which upon taking limit as e —> 0, gives I\ > Ig + I\-o, proving the lemma. □ 


We can now rule out the dichotomy condition: 


Lemma 2.11. The dichotomy does not occur. 

Proof. This follows from Lemma 12. 101 and Corollary 12.41 □ 

With both vanishing and dichotomy alternatives ruled out, we can now complete 
the proof of Theorem 12.11 Because vanishing and dichotomy have been ruled out, 
Lemma 1231 guarantees that sequence {Q n } is tight, i.e., there exists a sequence of real 
numbers {|/ n }neN such that for any e > 0, there exists R = R(e) so that for all n e N, 


and 


|x— yn\<R 


F (f?>, g n ) dx 


Qn(x ) dx> II- £, 


\%-yn\>R 


Qn(x ) dx < £, 


\x—y n \>R 

as e —> 0. It then follows that for n large enough, 


< C \\(fj,n,gn)\\y / Qn(x) dx = 0(e), 


|x— Un\>R 


F (fj.n, g n ) dx- A 


< e. 


'\x—Vn\<R 

Denote by Wj >n , 1 < j < N, and z n the translated functions 


1Rj,n(x) fj,n(" T yn)i Z n (x) gn(‘ T Vn)- 


( 2 . 21 ) 


Then, {(wj in ,^ n )} is bounded in y, and hence by the Banach-Alaoglu theorem, there 
exists a subsequence, we again label by {(w j n , z n )}, which converges weakly in y to a 
vector-function ($!,..., d'). It then follows immediately from 112.21)1 that for n > n 0 , 

r R 

A > / F (w ltn ,...,w N>n ,z n ) dx > A - e. 

J-R 


( 2 . 22 ) 
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Since H 1 ^—R, i?]) is compactly embedded in L 2 ([—R,R\), we have 


f 

l-R 


\w 2 l n z n - dx < \w hn + •hiloo • ||z n || ■ ||tu ljn - $i||l 2 ( _ RjR) 

+ ||lPl,n|li ■ I \ z n — V I / IU 2 (-R,R) 

— C (H^l, n ~ < hl|U 2 (-A,R) + \\z n ~ V I / ||l 2 (-_R,R)) “> 0, 


as n —V oo. Similarly, j R R w 2 n z n dx —> j u R dx for all 2 < j < N. We also have 


-R 


\Zn ~ ^|L3 W ) < C\\ Zn - ^||; /6 ||^ n - < C\\ Zn 


■ 5/6 


vh 


15/6 

I L 2 (-R,R)’ 


and hence, J R R zj L dx —* Jfi R T 3 dx. Therefore, from (12.22H . we have that 

A> f F ($i,..., $at, T) dx > X — e. 

J-R 

Thus, for e = 1/j, j G N, there exists ih, > j such that 

A > f F <h 2 , T) dx> A--, 

J -Rj J 

and consequently, as j —> oo, we have that (<f>j, T) G Al. Furthermore, from the weak 
lower semicontinuity of K and the invariance K by translations, we have 

h = lim K(f 'j, n ,g n ) > K($ i , T) > J A , 


r-R 


and thus, ($.,■, T) must be a minimizer for J A , i.e., ($,-,\I/) G S'(A). But then (<Lj,T) 
must satisfy the Eulcr-Lagrange equation for (PI), i.e., there exists some multiplier 
kGK (Lagrange multiplier) such that 

' — + <7'Ll = KaiT<Li, 

— < L(y T cr^N = ROin^Qn , (2.23) 

- yT" + cyT = | (/3T 2 + «i<L 2 + ... + a^ 2 N ) . 

An easy calculation proves that the Lagrange multiplier is positive: 

Proposition 2.12. The Lagrange multiplier satisfies r > 0. 


Proof. Multiplying the first and second equations above by th, and T. respectively, 
and integrating over the real line, we obtain 
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Adding these N+l equations and using the facts that K(dq, T) = I\ and Jf° F(dq,'!') dx 
A, we obtain 

K = Tx h>0 ' 

which is the desired result. □ 


Finally, we see that these equations (I2.23P are satisfied by dq, 1 < j < N, and T if and 
only if the functions Uj and v dehned by 

Uj(x,t) = Ke i0Jt e ic(x - ct)/2 <f>j(x - ct ), v(x,t) = /ctf (.x - ct ) 

are solutions of m- That is, solutions to the variational problem (PI) corresponds 
to solitary-wave prohles of (jl.ljl . 

To complete the proof of Theorem 12.11 it only remains to prove smoothness and expo¬ 
nential decay of the solutions: 


Proposition 2.13. Suppose (dq,..., d>jv, v b) € y is a solution of (jl.3j) . in the sense of 
distributions. Then 


(i) dq,...,dq v ,'I' e 

(ii) One has pointwise exponential decay, i.e., 

|^(re)| < Ce~ 6 ^, and |tf(x)| < Ce~^ x \ 


holds for all i6l, where 5, 5j > 0, and C > 0 are suitable constants. 


Proof. Statement (i) follows by a standard bootstrap argument. Since dq,...,d>jv, T 
are H 1 functions, and H 1 is an algebra, it follows that T 2 ,d> 2 , and dqdq 1 < j < N, 
are also H 1 functions. Since the convolution operation with K s takes H s to H s+ 2 for 
any s > 0, so (13. ip implies that dq,..., d>jv, T are in H“' . But then T 2 , d> 2 , and dqT are 
H 3 functions, so (13.11) implies that dq and T are in H 5 , and so on. Continuing this 
argument inductively proves that dq,..., d>jv, T are in H°°. 

To prove decay estimates, we borrow an argument from the proof of Theorem 8.1.1 
of [TO] . Fix j e {1,2,..., N}. For e > 0 and 5 > 0, consider the function ip(x) = 
e e M/(i+<5M) £ L°°(R). Multiplying the hrst equation in (II. 3p by <p$j, we get 


ip d>"dq dx + a 




ip d> 2 T dx. 


Integrating by parts and using the fact that ip' < op, we get 

/ OO POO POO POO 

9 ?d> 2 dx< ^(d*)) 2 dx + e <^|dqd>'| dx + oij / <^d> 2 |T| dx. 

-oo J—oo J—oo J—oo 

Now using the Cauchy-Schwarz inequality, we obtain from the preceding inequality 
that 
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with e chosen to be sufficiently small. Thus, for e small enough, we deduce that 


</?(x)<F 2 (x) dx < C 


y(x)<h 2 (x)|T(x)| dx, 


(2.24) 


where C = C(e,a,aj) (independent of 5). Since T is an H 1 function, then T(x) —* 0 
as |x| —>■ oo. We can find R > 0 such that |\l/(x)| < 1/(2C) for |x| > R. It then follows 
from (12.241) that 


(p{x)<bj{x) dx < 2C / y(x)4v(x)|T(x)| dx. 

J Br 


Taking S —* 0, Fatou’s lemma and Lebesgue’s theorem yields 

pOO 

/ e eN |4> i (x )| 2 dx < oo, j = 1, 2,..., N. 


(2.25) 


Now since <Fj belongs to H 1 , then Tj (x) —* 0 as |x| —» oo and is globally Lipschitz 
continuous on R. From these two properties of <Fj and (12.250 . one can easily show that 
e Sl \ x \$j(x) is bounded on R for some 0 < < e (for details, the reader may consult 

the proof of Theorem 8.1.1 in [ID]). 

To obtain the decay estimate for T, multiplying the second equation in (j 1.3 [) by (p\ 1/ 
gives, as above, the following estimate 

/ oo poo 

ip x S/ 2 dx<C <p 

-oo J — OO 




N 


+ 2 ^ 1*1 
3 = 1 


dx, 


where C = C{e, 7 , c, r, /3, aj). Choose e < 2 d]. Then, using decay estimates for the 
functions $ 1 , proved above, we can show, as before, that J^° ip ^ 2 dx is bounded 

by some constant which is independent of 8. Then, taking 8 —> 0. allows us to deduce 
that 


e e M|\l/(x )| 2 d x < oo, 


and from here we can proceed as we did for < Fj( ;:c )- 
The proof of Theorem 12.11 is now complete. 


□ 


3. Properties of Solitary Waves 

In this section we establish some properties of travelling solitary waves. To do so, we 
take advantage of the convolution representation for solutions of the equation 01.31) . 
We assume throughout this section, unless otherwise stated, that the assumptions (II.4)1 
hold with 7 > 0 . 
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Provided rj = c T /7 > 0 in (1 1.3 f) . we can rewrite (11.31) in the form 

= (Xj K a -k 1 < j < N, 

* = ^*(^ 2 + X > A 2 ). (3,1) 

where for any s > 0, the kernel K s is defined explicitly in terms of its Fourier symbol 

9(f) = K,( f) = -Fj- (3.2) 

The kernel Ii s dehned via its Fourier transform as in (13. 2 p is a real-valued, even, 
bounded, continuous function, and K s (x) —* 0 as |x| —> 00 . Furthermore, K s is strictly 
positive on R. To see this, one can use the Residue Theorem and Jordan’s lemma (see, 
for example, Chapter 3 of [2?]) to represent K s explicitly in the form 

K s (x) = s> 0 , 1 : 61 . (3.3) 

The first property concerns signs of <&j, 1 < j < N, and T : 

Theorem 3.1. Every solution (JR, ..., <Fjv, d 7 ) of the (11.31) satisfies the following prop¬ 
erties: 

(i) d/(x) > 0 for all i 6 l 

(ii) The functions d>i(x),..., are of one sign on R. 


Proof. To prove (i), we use the convolution representation of T, namely 


1 r°° iv 

'J'(z) = — K n( x - y)Q(y) d v with Q(y) = P^ 2 (y) + ^2 a j $?(?/)• (3.4) 

7 J-°o j=1 

Since the kernel K v is a strictly positive and Q(x) is everywhere non-negative, it then 
follows from (j3.4[) that T(x) >0 everywhere provided that (JR,..., <Fat, T) is a solution 
of (j 1 .3 [) with at least one component being nonzero on a set of positive measure. 

To prove (ii), denote 0 = (JR,..., JRv, T). Let Uj = |JR|,j = l,..,iV, and denote 
A = (CR,..., Un, T). It is a standard fact from real analysis that if JR G H 1 , then 
|JR(x)| is in H 1 and 

/ oo poo 

\\®j\x\ 2 dx< / \(®j ) x \ 2 dx. (3.5) 

-oo J —oo 

(For a proof of this elementary fact, readers may consult Lemma 3.4 of [3j.) Then A G y 
and using (13. 5[) . it follows that K(A) < K(0). Since F( A) dx = F(Q ) dx, thus 

A and 0 are both in S( A) for some A > 0. Observe that since 0 and A satisfy the same 
equations (12.231) . we have that for each j = 1 


— <F"(x) + CrJR(x) = KOLj d/(x)dR(x), 

— U”{x) + aUj(x) = nctj 'f?(x)Uj(x). 


(3.6) 
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Multiplying the first equation in (13. 6 p by Uj and the second by and subtracting the 
second from the first, we see that the Wronskian 


W(<S>fa),Vfa)) 


*fa) Ufa) 
Vfa) Ufa) 


= constant. 


But since W($j,Uj) —* 0 as x —> oo, we must have W{d> 3 , Uj) = 0 for all i6l. Then 
the functions and Uj, 1 < j < N, are linearly dependent and so, <f>j, 1 < j < N, 
must be of one sign on M. This completes the proof. □ 


We now use the theory of symmetric decreasing rearrangement to prove the existence of 
a solution (<3>i,..., <f>jv, V I ; ) of (jl.3[i such that <f>i,..., T are even, strictly positive, and 
decreasing functions on (0, oo). Recall that, for a non-negative function w : R —> [0, oo), 
one may define the symmetric rearrangement of w to be the unique function w* with 
domain K which has the same distribution function as w, that is, for every a > 0, the 
sets {x : |w(x)| > a} and {x : |w*(x)| > a} have the same measure. In formulas, 


w 


(x) = inf < a > 0 : -m(w, a) < |x| > = sup < a > 0 : - m(w , a) > \x 


where m(w,a ) denotes the measure of {x : |w(x)| > a} for all a > 0 (or see Chapter 2 
of [20] for a slightly different but equivalent definition and also a comprehensive dis¬ 
cussion of many different types of rearrangements). The function w* is clearly radially 
symmetric and non-increasing in the variable |x|, i.e., w*(x) = w*(y) if |x| = \y\ and 
w*(x) > w*(y) if |x| < \y\. 

The next two theorems about symmetric decreasing rearrangements play a crucial role 
in the rest of the paper. 


Theorem 3.2. The following statements hold: 

(i) Rearrangement preserves L p norms, i.e., for every nonnegative function f in 

L p , 

\f\ P = \ f*\ P , 1 < p < oo. 

(ii) (Hardy-Littlewood Inequality) If f and g are nonnegative measurable functions 
that vanish at infinity, then 

/ oo poo 

f(x)g(x) dx< f*(x)g*(x) dx. 

-OO J —OO 

(iii) (Polya-Szego Inequality) The symmetric decreasing rearrangement diminishes 
L 2 norm of the gradient of a positive function f in H l : 



dx < 



dx. 


For proofs of these statements, as well as other basic facts about rearrangements, reader 
may consult, for example, the appendix of [3J. 
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Theorem 3.3 (F. Riesz). Let j\,f n be measurable functions on M such that m{x : 
fj > y} < oo for all y > 0 and all 1 < j < N. Then 

l(/l * /2* ■" * /a) (0)1 < [(/*) A (/ 2 *) * ••• A (/^r)] (0) (3.7) 

in the sense that if the right-hand side is finite, then the left-hand side exists and the 
inequality holds. 

A proof of Theorem l3.3l for N = 3, along with a sketch of the inductive proof for N > 3, 
can be found in [25] . 

Following Weinstein [29], we introduce a functional A(0) by 

a( 0) = -- K(9) ' 2/3 . e = fmg), 

(fZne) dx) 

where fi,...,f N ,g G H 1 . If A(0) has a critical point at 0 = (0i, f>N, if), then a 
computation of the Frechet derivative of A at (0i, f>N, if) shows that (0 1 ,0at, if) is, 
up to a constant multiple, a solution of (jL3j) . Consider now the following unconstrained 
minimization problem 

min |a(/i, ..., f N , g) : 0^ (A,..., f N , g) G ^} • (P2) 


Proposition 3.4. The problem (PI) is equivalent to (P2). More precisely, any solution 
of (PI) is a minimizer of (P2), and if A = (0 1 , ...,0^,0) is a minimizer of (P2) then 
the rescaling 

A 1 / 3 

(01, ...,0AT,0) 1 y — -(01 j •• •) 0JV) 0) 

(/-” F(A) dx) 

is a solution of the problem (PI). Moreover, if we define 0 by 


0 



A 

(£a a) 0) 1/3 



U 

AV3’ 


t/ien 0 does not depend on A and solves (jl.3[) , and therefore when substituted into HI.2)1 
yields a travelling solitary wave for (II.IF 


Proof. The proof follows from Theorem 12.11 


□ 


Theorem 3.5. Suppose c T > 0 and a > 0. There exists a non-trivial, solitary-wave 
solution (<Fi,..., 4 >at, T) of the system (11.311 such that 

4>i(a;) >0, . . ., > 0, T(a;) > 0, (3.8) 

for x G M. Moreover, the functions <Fi(a:),..., $Ar(a;), v h(a;) can be chosen to be even, 
strictly positive, and non-increasing for x > 0. 
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Proof. Let 0 = (/oi, foN, go) be a minimizer of (P2) in y. Define 4>j — \foj\,j — 
1, N, and -0 = |g 0 |- Then <fj and 0 are in H l , and a similar inequality of the form 
(13,5|) holds for 0j and 0. Denote A = (0i, ...,0jv,0). Then K(A) < K(0) and 

/ oo noo 

F{ A) dx> F(0) dx. 

-oo J — oo 

It follows that A(A) < A(0). Hence A is also a minimizer of (P2). Consequently, there 
exists a constant a > 0 such that such that (<fq,<3 >at, T) defined by 

Tj = a(pi = a\f 0j \, 1 < j < N, and T = a0 = a\g 0 \, 

is a solution of (1 1.3 11 and (I3.8j) holds. To prove <30 > 0, observe that 02.231) implies 
CYjK a a (v]/<30) = <30 for all 1 < j < N, where K a is defined as in 03.31) . It follows that 
<30 > 0 on 1 for each 1 < j < N. 

Next, as above, let 0 = (foi, ■■■, foN, go) be a minimizer of the problem (P2). Define 
A* = (0*i, ...,0*iv,0*) by setting 0*^ = / o 0 , 1 < j < N, and 0* = g q. Then, using the 
Hardy-Littlewood inequality (Theorem I3.2f ii)). we have that 

/»oo /*oo 

/ F(0) dx< F( A*) dx. 


Using the Polya-Szego inequality (Theorem I3.2f iii)) and the fact that rearrangement 
preserves L p norm (Theorem I3.2f i)). it follows that K(A*) < K(0). Hence A* is also a 
minimizer of (P2). Then, as in the preceding paragraph, there exists a G R such that 
((fq, T) = a A* is a solution of 01. 3p . Since <30- = a0*j, 1 < j < N, and T = a0* are 
non-increasing functions of |x|, this completes the proof. □ 

We now prove positivity of Fourier transforms of the solitary waves. 

Theorem 3.6. Suppose c r > 0 and a > 0. Then there exists a solution (<3q,..., <3qv, T) 
of (USD such that 


«iK) > o, .. 'I'vi'f i > o.i'K) > o, 


(3,9) 


for £ G R. Moreover, <3q,..., <3w, T rna U be chosen so that <3q,..., T are even, strictly 
positive, and non-increasing functions of |£|. It also follows that <3q,..., & N , T are even 
functions. 

Proof. We follow ideas of Albert pQ. Let © = (/ 0 1, ..., foN,go) be a minimizer of the 
problem (P2) in y. Choose rq, ...,Un,v G L 2 such that 


Uj = If of and v = \g 0 \, j = 1,2, ...,N. 

The functions tq, ...,un,v are real-valued since \foj\ and |(0| are real-valued and even; 
and U = (tq,..., u n , v) belongs to y. Then K(U) = K(0) and using Theorem 13.31 we 
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have 


N 


F(U) dx = - (3 v 3 (0) + U ] V (Q) 


j= 1 

N 


9o( q ) + ^2 a J /oj.9o(0) = / F(0) dx. 

j'=i ' /_0 ° 

It follows that A (U) < A(0). Hence U is also a minimizer of (P2). As noted before, 
there exists a constant a > 0 such that 

($i,<f>7v, '£) = a{u u ...,u N ,v) 

is a solution of m- Since dv = a\f 0 j\ > 0 and T = a|g 0 | > 0, the first assertion of 
the Theorem follows. 

On the other hand, since for each 1 < j < N, / 0j is real-valued, 

a 


^■(0 = a|/oi(0l = 




foj(x) cos(x^) dx — i / foj(x) sin(x£) dx 


V2^ 


/ z 100 

2 

POO 

1 J foj(x) cos(x^) dx 

+ 

/ / 0 j(x)sin(x£) fix- 

J —oo 


is an even function, and hence for all 1 < j < N, 


$i(®) = 


1 


y/2K J- 
1 


OO 

OO 


$i(0 cos«) df + 
$j(£) cos«) df 


V2n J-c 


$i(0 sin(xO df 


V2tt J - c 

is an even function. Similarly, one can show that T is even. 

To prove positivity of the Fourier transforms of the solitary waves, let O = (/oi,..., foN, go) 
be, as above, a minimizer of (P2). Choose /i,..., /tv, g G L 2 such that fj = ? , and 'g = 
*g* y Denote A = (fi,f N , g). We claim that A(A) < A(0). First, using statements 
(i) and (iii) of Theorem 13.21 it follows that K(A) < K(O). Hence to prove the claim it 
suffices to show that the denominator of A(A) is greater than or equal to that of A(@). 
Using the inequality of F. Riesz concerning convolutions of symmetric rearrangements 
of functions (Theorem 13. 3p . we have 

/ °o a ^ 

F(A)dx=?-\{j*g*g](0) + '^2a j fj*fj*g (0) 

6 3=1 

a N ^ 

= f [go * To * go) (0) + £ aj [f* 0j A /* a g*\ (0) 

3=1 
N 


> 


[go * go * g Q ] (0) + ay 

3=1 


foj * foj * go 


(0) = / F(0) dx. 
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This proves the claim. Hence A is also a minimizer of (P2), and it follows that there 
exists a G R such that 

($1,<3>7 v, T) = a(fi ,..., f N ,g) 

is a solution of fl 1.3 f) . Since <f>j = af q- and T = ag^ are non-increasing functions of 
|£|, it remains only to show that <f>i, ....,$at, and T are everywhere positive. We only 
prove that <f>i is everywhere positive. If this is not the case, then the support of $1 
is a finite closed interval [—04, ai]. On the other hand, the support of $ strictly 
contains [— <24, 04], so that (£ 2 + cr)<f>i can not equal to T Aoql&i- This then contradicts 
the first equation in (13.111 with j — 1. Similarly, one can prove that $2 ,..., $at, T are 
everywhere positive. □ 
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